Introduction
Asphaltic pavement is a primary surface coating used in the Canadian province of Saskatchewan. Recent governmental deregulation of the Canadian railway system has accelerated trucking traffic on these roadways, thereby increasing the failure rate of the Saskatchewan roadway system. Existing empirical techniques for designing these roadways have been unsuccessful in avoiding premature failures of roadways. Indeed, several roadways have failed within 3 years of their inception. As a means of improving the design methodology so that premature failures can be mitigated, models are currently under development that are based in continuum mechanics for predicting asphaltic pavement life as a function of the input design parameters associated with loads, geometry, and material properties. This is a formidable task due in particular to the myriad of design variables associated with material properties because the asphaltic mix can contain as many as seven different constituents. Additional design variables associated with geometry include the thicknesses of the various sub-grade coatings in addition to the thickness of the surface coating of asphalt. Furthermore, the prediction of life can be complicated due to the fact that there are at least three commonly encountered failure modes: surface rutting caused by excessive deformations, fatigue fracture, and thermal cracking.
The goal of this research effort is to develop a model that is capable of predicting failure of asphaltic pavement by all of these modes. The solution to this problem requires that at least three different problems be addressed: (1) the prediction of thermomechanical constitutive behavior of asphalt concrete; (2) prediction of time-dependent response of associated asphaltic roadways; and (3) development of a physically based methodology for predicting failure of the roadway. Problems 2 and 3 are being addressed in other efforts by the authors and will be the subject of future articles. The current paper presents a combined theoretical and experimental methodology for developing mechanical constitutive models for asphaltic concrete.
Recent Research on Asphaltic Pavement
The design of asphalt roadways in Saskatchewan is currently performed using empirical models. Among these are the Hveem stability test (AASHTO 1995) ; ASTM 1996, the Marshall stability and flow test (White 1985; Foster 1993) , the unconfined compressive strength test (AASHTO 1995) ; ASTM 1996, static and repeated load creep testing (Little et al. 1992) , and flexural beam fatigue testing (Matthews and Monismith 1994) . A description of each of these models can be found in work by Berthelot (1999) . These models are based primarily on judgment inferred from past road performance observations. This approach involves assuming the performance predictor variables and quantifying the predictor coefficients based on regression analysis of statistical data sets obtained from past roadway observations. Once formulated, a model is evaluated for accuracy and statistical significance, and the statistically insignificant variables are removed from the model. Therefore, it is required that full-scale road experiments be performed for all of the test variables involved. Clearly, this approach is at the very least quite costly. Furthermore, when new materials become available, which is often the case, the experimental program must be expanded. In addition, no insight is gained from such empirical approaches as to how design approaches might be improved. Finally, the existing preponderance of roadway failures gives ample evidence of the failure of these models to perform effectively. Thus, more physically based models are needed in order to mitigate costly roadway failures in the future.
In the past decade, considerable research has been performed to construct physically based models for asphaltic pavement. No attempt will be made to cover the entire body of research on this subject. Instead, a short review of those approaches that treat the pavement as viscoelastic will be discussed. Indeed, most of these appear to fall into one distinct approach in that they are based on a formulation proposed by Schapery for particulate composites (Schapery 1981; , 1984a , 1987a ,b, 1990a ,b, 1994 Schapery and Sicking 1995) . Briefly, this approach uses a single integral framework in time to account for history and rate dependence, together with a nonlinear strain scale, to construct a nonlinear viscoelastic stress-strain relation at the composite level for asphaltic concrete. As such, the effects of microcracking in both binder and aggregate are accounted for phenomenologically in the nonlinear strain scale. Such an approach is often termed ''continuum damage mechanics'' because the microcracks are not treated explicitly as time-dependent internal boundaries. Rather, the average dissipation caused by these microcracks is accounted for at the mesoscale of the composite by including irreversibility phenomenologically. Several researchers have characterized the behavior of asphaltic binder using this approach (Kim and Little 1990; Kim et al. 1995; Park et al. 1996; Lee et al. 2000) .
Although the previous recent research efforts are quite advanced and as such represent the current state-of-the-art in characterization of the constitutive behavior of asphaltic pavement, they do not cogently address two significant physical features of asphaltic concrete. First, these models do not perform an analysis on the microscale. That is, they do not account for the geometric and material effects at the level of asphalt binder and aggregate, including microcracking. The authors have addressed this issue in another paper on this subject (Allen et al. 2001b ). Second, they do not use accelerated testing protocols, so that in order to predict long-term thermoviscoelastic response, long-term experiments must be performed.
A second approach has been reported recently for predicting the viscoelastic response of asphaltic concrete (Kim et al. 1997) . While this approach does not include the effect of microcracking, it does use an accelerated testing technique. The authors of the current paper have developed a new experimental technique for accelerated testing that is substantially different from that previously reported (Kim et al. 1997) , and this will be developed herein.
Viscoelastic Material Model
In this section, a general approach to modeling thermoviscoelastic constitutive behavior of asphalt concrete will be formulated. This will be cast within the framework of continuum mechanics (Truesdell and Noll 1965; Malvern 1969) .
Thermoviscoelastic materials exhibit rate and history dependence. This is reflected in the thermomechanical constitutive equations relating the kinetic variables to the kinematic variables. Asphalt shows this type of dependence, as can be demonstrated readily by hanging an object of constant mass from a specimen of the material and observing that the deformations are time dependent. For example, if the strain is used as the input variable, a strain formulation is obtained as follows: (1) where σ ij = the stress tensor; ε kl = the strain tensor; T = the temperature; τ is the generic timescale; x → = the coordinate location of interest, and t = the current time of interest; Thus, Ω{ } denotes a functional mapping of the entire past history of strain and temperature into the current stress state at time t. Because only strain and temperature are included in the functional, this is called a simple material (Truesdell and Noll 1965 ). An inverse formulation, called a stress formulation, is given by (2) where, presumably, the mapping between Ω{ } and Θ{ } is bijective (one-to-one and onto) (Oden 1979) . A variety of materials exhibit linear thermoviscoelastic material behavior, so that either Equation (1) or Equation (2) can be expanded linearly in convolution integrals in the functional arguments. Thus, expanding Equation (1) (for the nonaging case) results in
where E ijkl (τ) is called the relaxation modulus tensor, β ij (τ)is called the thermal relaxation expansion tensor, and the positional notation has been excluded for simplicity. These two tensors constitute the material properties that must be characterized should the material be linear. Alternatively, Equation (2) may be expanded to obtain a linear stress formulation as follows:
where D ijkl (τ) is called the creep compliance tensor and  ij (τ)is called the thermal compliance expansion tensor. In the current paper only, isothermal mechanical response will considered, so that the terms involving temperature may be neglected in Equations (1)-(4). Although thermal effects are being studied by the authors (Berthelot 1999 ), this will be the subject of a future paper.
As will be shown below, there exist transformation formulas relating the relaxation moduli in Equation (3) to the creep compliances in Equation (4). Thus, in principal it is not necessary to obtain both sets of material properties experimentally. From a practical standpoint, it is generally less cumbersome to characterize the creep compliances. To see why this is the case, consider an isothermal experiment with applied stresses that are constant in time (called a creep test). The time derivatives in the first integral term in Equation (4) will produce Dirac delta functions (Greenburg 1978) , so that integration of Equation (4) will result in (5) where, by definition (6) Thus, Equation (5) can be inverted to obtain (7) During the experiment, the following additional equations must hold:
(1) Conservation of linear momentum (8a) where we have assumed that body forces and inertial effects are negligible during the experiment, and on the boundary (8b) where ∂V is the boundary of the body with volume V, and T i is the traction vector (Malvern 1969) .
(2) Conservation of angular momentum (9) assuming that there are no body moments. (3) Strain-displacement relations (10) where u i = the displacement vector, and it is assumed that the displacement gradients are small during the experiment (Malvern 1969) . In addition, the conservation of energy must be satisfied during the experiment for the case where transient temperatures are considered. However, for simplicity, this circumstance will not be considered in the present paper. Now, constitutive Equations (3) or (4), together with field Equations (8)- (10), may be adjoined with appropriate initial and boundary conditions to produce a model capable of predicting the stresses, strains, and displacements as functions of space and time for an object of arbitrary shape, so long as the material properties in Equations (3) or (4) are known a priori. Furthermore, failure may be predicted by a variety of mechanisms such as fracture, so long as a failure criterion can be constructed as a function of these variables, such as the Griffith criterion for fracture (Griffith 1920) . Therefore, completing the model description requires that the material properties in Equations (3) or (4) be evaluated. This may be accomplished as follows.
Consider an experiment in which stresses are spatially homogeneous. We will term this a constitutive experiment. Then, for this circumstance, conservation of linear momentum Equation (8a) is trivially satisfied within the body. Furthermore, the stresses within the body can be determined by using Equation (8b), so long as the tractions are known on the boundary of the body. These can be obtained from a load cell or a similar device. In addition, from Equation (4) it can be seen that if the stresses are spatially homogeneous, then the strains are also spatially homogeneous in the body. Thus, strain-displacement Equation (10) can be integrated in spatial coordinates to obtain the values of the strain, given the boundary displacements (obtained from linear voltage differential transducers (LVDTs). Thus, it is apparent that in a constitutive test the values on the right hand side of Equation (7) may be determined, so that the creep compliance D ijkl (t) may be evaluated from this experiment.
Of course, asphaltic roadways subjected to vehicular traffic and environmental conditions do not undergo spatially homogeneous stress states. However, the attractive feature of the continuum mechanics formulation outlined previously is that the material properties obtained from the constitutive experiments are independent of the geometry of the problem to be solved. The values obtained for D ijkl (t) may then be utilized in conjunction with the conservation of linear momentum Equations (8) and (9), the conservation of energy, and the straindisplacement Equation (10) to construct a well-posed initial boundary value problem (IBVP) for a roadway of arbitrary geometry. The solution of the IBVP by analytic or computational means will result in predictions of the stresses, strains, and displacements as functions of position and time in an asphaltic roadway due to environment and mechanical loading (Truesdell and Noll 1965; Malvern 1969) . Accurate predictions of the stresses, strains, and displacements can be used to predict failure by a variety of modes, such as fracture. These modeling results can then be used as a tool for designing asphaltic roadways with improved life, by sweeping out the design variables associated with loading, pavement geometry, and material properties of the asphaltic concrete and subbase.
The second author and coworkers at Texas A&M University have developed a finite-element algorithm that can be used to predict the response of thermoviscoelastic asphaltic roadways to arbitrary quasi-static mechanical and thermal loading, including cyclic loadings (Allen et al. 1994; Zocher et al. 1997) . Therefore, the characterization of the material properties described above constitutes a significant impediment to modeling the predicted response of an asphaltic roadway. The following section will describe an experimental procedure for obtaining these properties.
Experimental Techniques
In the case wherein the material is isotropic, it can be shown that the creep compliance reduces to the following form (Christensen 1982) : (11) where δ ij is the Kroneker delta (Malvern 1969) . Thus, there are only two independent components of the creep compliance that must be determined experimentally for an isotropic linear viscoelastic material. While it is entirely reasonable to find out that the deposition process will lead to some anisotropy in asphalt roadways, it will be assumed in the initial phase of research that asphalt is macroscopically isotropic. By macroscopically isotropic, we imply that specimens will be tested that contain a large number of randomly oriented and sized reinforcement particles, so that the material is statistically homogeneous, that is, standard deviations of aggregate size and shape are small compared to their means. Therefore, the immediate objective of the research is to determine J 1 (t) and J 2 (t) for asphalt. This in itself is not an easy task due to the complicated nature of asphalt. In order to assign physical significance to the two isotropic compliances described in Equation (11), suppose we introduce the deviatoric stress and strain tensors, defined by (12) and (13) Thus, substituting Equation (11) and the previous definitions into constitutive Equation (4) results in (for isothermal conditions. (14) and (15) Thus, for obvious reasons, J 1 (t) is often called the shear creep compliance, and J 2 (t) is called the bulk creep compliance.
An experimental testing procedure has recently been developed for obtaining these two compliances. In this test, a cylindrical specimen is subjected to boundary tractions (in load control. that lead to the following spatially homogeneous stress state:
where x 1 = the axial coordinate direction, and H(t) = the Heaviside step function (Greenburg 1978) , as well as
where ω = frequency of the applied loading in the x 1 coordinate direction. All of the components of shearing stress (σ 23 , σ 13 , σ 12 ) are zero on the planes normal to the coordinate axes in this experiment. The lateral pressure p and axial stress amplitude σ 0 are held constant during the test, and the axial loading frequency ω is then swept out over the range at which variations in the specimen strains are observed. This type of constitutive test is significantly simpler to perform on asphalt than uniaxial tensile tests, because of the inability of the binder to carry large tensile stresses. Furthermore, as will be shown later, cyclic loading tests can potentially be used to obtain accelerated long-term compliance with shortterm experiments by sweeping out a range of different frequencies. In this work, we consider only loadings that produce no damage, so that the loads must necessarily be small. In the case where damage is induced during the experiment, another approach is required (Allen and Yoon 1998) .
Triaxial testing has been used by the road industry to characterize all types of road materials (Texas 1995; Witczak and Fonseca 1996; Kim et al. 1997) . However, there are drawbacks to the traditional geotechnical and Texas triaxial test apparati, such as limited test temperature testing capabilities, time consuming sample preparation and instrumentation, limited feedback control capabilities; limited dynamic testing capabilities, and difficult measurement of Poisson's ratio. To overcome these drawbacks, this research has employed a new prototype full-feedback controlled Rapid Triaxial Test (RATT) apparatus (Figures 1 and 2 ) to characterize the specimens studied herein. One of the benefits of the RATT over conventional triaxial test apparati is the ability to characterize samples prepared in the SHRP gyratory compactor without the need to saw-cut or trim the test sample. This ability greatly expedites sample characterization and, therefore, facilitates mechanistic characterization of asphalt concrete mixes on a production scale.
The RATT cell consists of a cylindrical chamber with an aspect ratio of 1:1 to accommodate standard gyratory compacted samples. The RATT cell employs a pneumatic confinement chamber with four linear variable differential transducers mounted axially around the sample. Axial tractions are applied by a standard servo-hydraulic test frame with two LVDTs mounted axially to measure vertical displacement. The RATT cell can be operated in load or displacement control where the radial and axial loads or displacements are controlled independently. Further description of this testing procedure can be found in work by Berthelot (1999) .
The following two quantities are measured as a function of the loading frequency during the test: Although the above two quantities are similar to the familiar Young's modulus and Poisson's ratio, respectively, they are not the same here because the loading is not uniaxial.
By direct substitution of Equations (16) and (17) into the isotropic form of Equation (4), it can be shown that during the test (20) and (21) Note that Equation (21) may also be written as follows: (22) Thus, substituting Equations (20) and (22) into Equation (19) and rearranging this result gives (23) where J* 1 (ω), called the complex shear compliance, is given by (24) where (25) is called the shear storage compliance, and (26) is called the shear loss compliance (Christensen 1982) . Furthermore, substituting Equations (16) and (20) into Equation (18) results in (27) Substituting Equation (23) into the above and solving for J* 2 gives (28) where, J* 2 (ω), called the complex bulk compliance, is defined similar to the definition given in Equations (24)- (26).
In order for the techniques described above to be appropriate for the materials considered, the materials must be linear viscoelastic, as described by the linear expansions in Equations (3) or (4). The accuracy of the linearity assumption may be assessed for a particular material by checking the principles of homogeneity and superposition (Greenburg 1978) . Homogeneity is satisfied if the viscoelastic moduli or compliances (in either the time domain or the frequency domain) are independent of the imposed loading level (or imposed displacement level) used during the test. The principle of superposition, which states that the responses to separate loadings may be superposed to obtain the response to the sum of the loadings, is most easily satisfied by performing so-called creep and recovery tests (Berthelot 1999) . Generally, most materials are linear below a certain peak level of applied stress. However, beyond this level they will become nonlinear. In the case of asphaltic concrete, nonlinearity may be introduced by a variety of physical mechanisms, such as liquid mass diffusion, chemical changes, and microscale cracking. In the current paper, the authors have limited tests to stress levels in which these sources of nonlinearity are not observed, so that the experiments have demonstrated that the materials are linear for the stress levels considered herein (Berthelot 1999) .
Experiments have been performed at 20°C on three specimens each of four different asphalt concrete mixes, with design aggregate proportions described in Table 1 . The first of these is categorized as an SHT Marshall mix, and the last three are Superpave mixes (Berthelot 1999) . Aggregate size distributions for the four specimens are shown in Tables 2 and 3 .
The four mixes were tested at a lateral pressure of p = 0.15 MPa and an axial cyclic stress amplitude of σ 0 = 0.10 MPa. Measured values of  and β as functions of frequency are given in Table 4 . Equations (23) and (28) have been used to tabulate the values of J′ 1 (ω) and J′ 2 (ω) in the same table. The conversion of this information to the time domain is described in the next section.
Properties in Time Domain
The complex compliances can be curve fit in the frequency domain by using equations of the following form: (29) where J ∞ ≡ J 1 (t→∞) is the long time compliance in the time domain, which is equivalent to the real part of the complex shear compliance at zero frequency, and J′ 1 k , J ∞ , and τ k are material properties that can be obtained from a curve fitting scheme applied to the experimental creep data (Schapery 1984a, b; Tschoegl 1989 ). The range of summation n will depend on the time-dependent nature of the material. For this analysis, the necessary value of n was four.
The data shown in Table 4 have been curve fit using the technique referenced previously, and the properties for the four materials described herein are listed in Table 5 . Figure 3 has been provided as an example as to how the curves for the shear storage compliance J′ 1 fit the experimental data in the frequency domain at 0.1, 1, 5, and 10 Hz.
The truly expedient outcome of this experimental procedure is that the range of frequencies can be swept out in a relatively short period of time (1/2 h at one temperature), so that the experiment can be completed in a short time span. Furthermore, for linear viscoelastic materials there exists a mathematical identity for transforming from the frequency domain to the time domain, so that Equation (22), for example, can be used to obtain the shear creep compliance. This transformation is given by (Christensen 1982. (30) Thus, long term creep compliance values can be obtained from relatively short-term tests, resulting in accelerated material characterization.
The substitution of Equation (29) into transformation integral Equation (30) will result in the following Prony series in the time domain. For this analysis, four Prony terms were used to characterize the creep compliances. Thus, it is assumed that the bulk creep compliance can be adequately modeled by (31) The properties obtained in Table 5 serve also to describe the creep compliance in the time domain. These results are plotted in Figures 4 and 5 . Experimental evidence for a wide range of linear viscoelastic media (Christensen 1982) suggests that a Prony series is both physically and mathematically appropriate for this purpose.
Mathematical Principles for Obtaining Relaxation Moduli
As pointed out in the previous section, it is more convenient from an experimental standpoint to perform material characterization tests in load control, thus resulting in the evaluation of creep compliances. Unfortunately, computational algorithms that use viscoelastic material properties are generally more convenient to construct when a strain formulation is used such as that described in constitutive Equation (3) (Allen et al. 1994; Zocher et al. 1997) . Therefore, it is usually necessary to convert the experimentally determined creep compliances to relaxation moduli. This can be accomplished by implementing an additional step into the process of evaluating material properties. The compliances must be inverted to obtain the relaxation moduli shown in Equation (3). To see how this may be accomplished, consider the isotropic form of Equation (3) in deviatoric form, similar to Equations (14) and (15) as follows:
where G 2 (t) is called the bulk relaxation modulus, and
where G 1 (t) is called the shear relaxation modulus. Although the relaxation moduli in principle can be obtained directly experimentally, experiments that are run in displacement control are somewhat more difficult to perform accurately, so that it is preferred to obtain the creep compliances from accelerated tests in the frequency domain by the method described previously and then derive the relaxation moduli from them. With this thought in mind, first consider hypothetically a creep test performed in shear such that from Equation (14) ( 34) Substitution of this result into Equation (33) will result in
The previous provides a relationship between the shear relaxation modulus and shear creep compliance (a similar relationship may be obtained for the bulk properties). Unfortunately, the relation is in an implicit form that is not easily manipulated into a form that can be used to solve for G 1 (t) given J 1 (t). One possibility that presents itself is to Laplace transform (Greenburg 1978) Equation (35), thus resulting in 
where s is the Laplace transform variable, and overbars signify the Laplace transform of a quantity. Equation (36) is potentially useful in obtaining the shear relaxation modulus. However, there are two shortcomings. First, it is necessary to Laplace transform the shear creep compliance J 1 (t). Laplace transforming Equation (31) results in
where J 1 (s) is the s multiplied Laplace transform of J 1 (t) (called the Carson transform). Second, substituting Equation (37) into Equation (36) will result in an equation that can be inverse Laplace transformed in closed form for only small values of n.
When n is large, it is preferred to use an inversion technique called the direct method (Schapery 1962 ). This method is used by substituting 0.56/t directly for s in the Laplace transformed equation as follows: (38) The above technique has been shown to be exact when the function exhibits zero curvature in log-log space (Schapery 1962) . Although it does not result in a Prony series for G 1 (t), it has been found that it is a simple matter to plot the resulting curve as a function of time, and then refit the result with a Prony series by the method described previously (Schapery 1984a,b; Tschoegl 1989) . For this analysis, four Prony terms were used to characterize the relaxation moduli. The second author and coworkers have previously used this technique successfully on a glass mat thermoplastic (Megnis et al. 2001) .
Using this technique results in a Prony series for the relaxation modulus that is of the form (39) For the purpose of demonstrating this technique, triplicate samples of four asphalt mixes were characterized at room temperature and axially-sinusoidal stress levels. Using this technique results in the properties for the four asphalt mixes described in Table 6 . For convenience, these results are also plotted in Figures 6 and 7.
Conclusion
A combined experimental and analytic method has been described for obtaining the linear viscoelastic properties of isotropic asphaltic pavement material. The technique has been used to produce complex compliances, creep compliances, and relaxation moduli for several different mixes of asphaltic pavement material. As described in the section entitled ''Viscoelastic Material Model,'' once these properties are known the properties may be implemented to a continuum mechanics model to predict the response of roadways for a variety of loading conditions, material properties, and structural cross sections. Adjoined with appropriate fracture properties, these complex compliances, creep compliances, and relaxation moduli can be used to model pavement distresses such as thermal cracking, fatigue cracking, and rutting. It is possible to use the resulting material properties to predict stresses, strains, and displacements in an asphaltic roadway for a variety of loading conditions, geometries, and material properties, and these results can then be used to predict roadway life as a function of these quantities. The necessity to perform full-scale roadway testing is thus obviated by this design approach. Therefore, the model described can be used as a design tool for improving roadway life at considerable cost savings to the public. Indeed, this process has been previously used by the second author in a variety of other structural applications (Foulk et al. 1998; Helms et al. 1999; Phillips et al. 1999; Allen et al. 2001a ). The application of this design procedure to asphaltic roadways will be the subject of a future paper by the authors.
Finally, certain physical mechanisms can introduce nonlinearity into the viscoelastic response of the asphaltic concrete. One significant source of this nonlinearity is microcracking that can occur primarily within the binder, on a length scale that is normally commensurate with that of the aggregate particle size. The second author, together with other researchers (Helms et al. 1999) , has studied this problem for particulate composites, and the application of this approach to asphaltic concrete will be the subject of future research by the authors.
